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Exercise 9.4.2

Show that the Helmholtz equation,
V2 + k% = 0,

is still separable in circular cylindrical coordinates if k2 is generalized to
k? + f(p) + (1/p?)g() + h(2).

Solution

Replace k% with k2 + f(p) + (1/p*)g(¢) + h(z) in the Helmholtz equation.
1
V3 + {kQ 10+ g9(e) + h(Z)] =0

Expand the Laplacian operator in circular cylindrical coordinates (p, ¢, 2).
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Assume a product solution of the form ¢ (p, ¢, z) = P(p)®(¢)Z(z) and substitute it into the PDE.
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————=0"(¢) + P(p)®(0)Z"(2)
T [k? + 1)+ a(0) + h(z)} P(0)®(0)Z(z) = 0
Divide both sides by P(p)®(¢)Z(z).
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Bring the first three terms over to the right side.
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function of z

function of p and ¢

The only way a function of z can be equal to a function of p and ¢ is if both are equal to a

constant \.
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The second equation is

1 d dP 1 [®”
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Bring the third term to the right side and bring A to the left side.
1 d dP 1 [e”
el (Nl B A= — | —
Multiply both sides by —p?.

"

]ﬂjp <pc(l£> +0°[f(p) + A\ = — [q) +9(¢)}

function of p function of ¢

The only way a function of p can be equal to a function of ¢ is if both are equal to another

constant .
p d dP
Pdp \"dp
In summary, as a result of assuming a product solution, the Helmholtz equation in circular
cylindrical coordinates has reduced to three ODEs—one in p, one in ¢, and one in z.

;ddp (pif;) +0°1f(p) + Al = u
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) +0%[f(p) + Al = - [q) +g(<p)} = p

-5 + o] =u
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7+h(z)+k:2:)\

Therefore, the Helmholtz equation is still separable in circular cylindrical coordinates if k? is
generalized to k% + f(p) + (1/p*)g(¢) + h(z).
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